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ON THE CONFORMAL REPRESENTATION OF PLANE 
CURVES, PARTICULARLY FOR THE CASES 

p = 4, 5, and 6. 



CHARLOTTE E. PENGKA. 



A given non-homogeneous function of x and y 



n m 



F {X, y) = o 

of degree nmx and rainy may, we know, be regarded either 
as a plane curve or as a Riemann's surface. Klein reaches a 
number of important results here briefly outlined by consider* 
ations based on the latter view. 
Let 

n m 
F(x,y) = o 

be an irreducible algebraic equation defining the surface Fn 
which is an n-leaved surface spread over the y plane. The de- 
ficiency of the surface, p, is fixed by the number of cuts, 2 p, 
which is necessary to reduce Fn to a simply connected sur- 
face. The deficiency so arrived at is numerically the same as 
the deficiency of the plane curve 

F (X, y) = o 

which is precisely the number representing the number of 
double points which the curve lacks of having the maximum. 
An algebraic function or an integral of the first or second 
kind belongs to a surface when it has but one value for each 
point on the surface, and when it has only a finite number of 
infinities and these only algebraic infinities of finite integral 
order.* Klein proves that upon Fn exist integrals of the first 
and second kinds. With this work as a basis the surface Fn 
may be conformally represented by another much simpler sur- 

* See Klein Theorie der Elliptischen ModulfunctioneD, Vol. I., p. 4d9. 
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face. In order to do this we must classify surfaces according 
to their deficiencies and treat each class separately. 

In the case p = o there are no cuts on the surface and no in- 
tegrals of the first kind. Integrals of the second kind exist on 
aH surfaces. Let us select one of these, w, which has a single 
algebraic infinity. Since there are no period paths on the sur- 
face, w assumes only one value for each point of Fn and since w 
has the one infinity, and only one, it is a function of ** weight " 
one belonging to Fn where the weight of a function is defined 
as the number of times which it assumes the value oo , hence 
the number of times which it assumes any assigned value, for 
points on Fn. The function w being of weight one assumes one 
and only one value corresponding to each point of the n-leaved 
surface 

These values, real and complex, may be represented by the 
points in a plane by the ordinary representation of complex 
ntimbers. The given n-leaved surface can then be conformally 
represented upon a plane by means of the real and complex 
values assumed by w. 

If p = 1 two cuts are required to make the surface simply 
connected. We know that on any surface of deficiency p, there 
exist p linearly independent integrals of the first kind. Here 
then there exists only one which we will call u. Let the 
periods across the cuts be Wi and W2, If u has the value t^ at a 
given point, for all the region around containing no branch 
point the u will vary continuously, and since u can be no- 
where infinite, and since its values may be represented by 
points oi a plane just as any complex number is represented, 
these points must all be within a parallelogram whose • bound- 
aries are determined by the limits of the values of the real and 
imaginary parts of u as it varies over the surface, never cross- 
ing a boundary. 

If we seek then to represent our entire surface by means of 
the integral u which has an infinite number of values we get 
corresponding to a given point of Fn an infinite number of 
homologous points in similar parallelograms. We will form 
the doubly periodic functions 

P (u I t/^i, Wg) and -P {u \ w^, w^) 

We know that all doubly periodic functions of w, wi, and w^ may 
be expressed rationally in terms of these two. 
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These two are everywhere finite except for u = o, where the 
former is infinite of the second order. Hence P {u \ wi, to^) is 
a function of weight two belonging to Fn. By means of it we 
can represent Fn conformally upon a two leaved Riemann's 
surface. 

In case jp > 1 we desire to build up a function of weight m 
which shall belong to the surface, by means of which the sur- 
face Fn may be conformally represented upon a simpler surface. 
Suppose that one such function of weight m exists on the sur- 
face and let it be represented by w and its m infinities by 
2/1. 2/2, 2/3 2/w. Let these infinities be of the nature 



^. 



Let 

yyi = y-y — ^l./l— ^»i«— '^»J3— — ^'p JPJ 

where the v^s are the periods of w for the cuts a< and the j^s are 
the normal integrals of the first kind, the periods of jk for the 
cuts Oi being all zero except the period for a* which is unity, 
and the periods for the cuts bi being ^ku 

is everywhere finite, the possible infinities disappearing by sub- 
traction, and since it has periods for the 2 p cuts, it is an in- 
tegral of the first kind. Moreover, according to definition, the 
periods for the cuts a< are all zeros, and therefore this integral 
can be put equal to a constant,* and 

In order then for u to have but one value for each point on the 
surface, the periods across the cuts bi must be equal to zero and 

II C^Xik + C^ hk + ^^ ^Sk +^m^mk = ^' 

If m > p + 1 the c^s can be found and Fn can be conformally 
represented upon an m leaved Riemann's surface spread over the 
w plane by means of a function of weight m belonging to Fn. 

* See Klein Theorie der EUiptischen Modulfunctionen, Vol. I., p. 524. 
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Lat th9 p linearly indepandent integrals of the first kind of 

Fa be w;i, wl, ws, Wo and their derivatives with respect 

to y be <Ai, <A2, <l>i, <l>p. It is easy to show that the 

^'« so found are linearly independent and that any p + 1 
can be expressed linearly in terms of the other p. By expand- 
ing w in the region of the zero points, and the branch points, 
and then differentiating to find the value of the <l^^8 we deduce 
the fact that the <l>'8 have 2 p — 2 variable zeros on Fn and 
2 n zeros at the infinite points of Fn. 

This work offers an easy proof of the Riemann-Roch Theo- 
rem, for the equations (II) become in terms of the <l^^8 



III 



r Ci ^1 (yi) + Cj <Pi {yz) + Ci i^AVt) +cw 4>x {ym) = o 

Ci ^•(yi)+ C» ^, (y8) + C8 4>t{yz ■\-Cm<l*t {ym)=^0 

.Ci^p(yi) + Ca <t>p {yt) + et<t>p{yz) +Cm4>p (ym) = o 

since A. = — ^n i ( .-^ 1 

* \ dy /y = yo 

If T of these equations are dependent upon the rest it is pos- 
sible to combine the other p — t in such a manner as to get 
these dependent ones, and indeed to get r equations which 
shall be linear in the <l^^8 and which vanish in all the points 

2/i; 2/2, 2/3, Vm, which proves that there are r linearly 

independent functions which vanish in all the points i/i. 2/2, 2/3. 

2/m. 

By solving the system (III) we can express p — rof the c^s in 
terms of the other m — p + r. These m — p + ^ variables en- 
able us to fix the totality of algebraic functions belonging to 
Fn which are of weight m or less. The most general function 
of weight m belonging to Fn contains in gen'eral m — p + r + 1 
arbitrary constants. 

The Riemann-Roch Theorem so proved would hold only for 
p > 1. Klein extends it to the cases p = o and p = 1. He con- 
structs a function 

+ <?i , Cj , , Cm 



w — w^w — tt't ^ — ^m 



which is evidently a function of weight m belonging to the sur- 
face. Since there are no <i^'8, t = and the number of arbitrary 

* See Klein Theorie der Elliptischen Modulfunctionen, Vol. I., p. 532. 
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constants is m + 1, which is the number which the Riemann- 
Roch Theorem would give. Similarly for p = 1 one <l> function 
exists and one equation of the set (III) t = o and the Riemann- 
Roch Theorem holds here also. 

To take up the language of the analytic geometry, we have 
selected a complete set of linearly independent functions each 
of weight m belonging to Fn and we use these as co-ordinates, 
this fixing some sort of curve. Every point of Fn gives rise to 
a set of values of these functions, or to a point, hence the whole 
surface Fn may be conformally represented by the points of 
some curve. The functions which we select for this purpose 
are the <^'8 of which there are p linearly independent. 
Their ratios are functions belonging to the surface for they 
have only a finite number of infinities and these algebraic, and 
the ratios have one and only one value corresponding to each 

point of Fn. For if one of them, sayT- assumed the same 

value for two different points of Fn, we should have a relation 
existing among the coeflBcients of <l^i and <fe, but by hypothesis 
the <l>^8 are independent and hence their ratios belong to the 
surface -P,/. Since, as before shown, each <^ becomes zero in 
2 p — 2 variable points of Fn, each ratio may become Qo in 
2 p — 2 points, and zero in as many more, and hence the func- 
tions which are ratios of the <l>^8 are of weight 2 p — 2. 

Although the <l>^8 are linearly independent certain relations 
of higher order exist among them. For the case p = o, no <l> 
function exists and Fn^ as we saw, is representable by the points 
of a plane singly covered, or if we consider only the real points, 
by the points of a straight line. 

For p = 1 one <^ function exists. We found that the simplest 
function which will represent Fn in this case is a function 
P (u \ WiWz) oi weight two. According to the Riemann-Roch 
Theorem there are m — p+r + l or two homogeneous arbi- 
trary constants in our representative function. Hence, since 
it is represented on a two-leaved Riemann's surface, in the lan- 
guage of curves the simplest representation oi F (x, y) - o is s^ 
doubly covered straight line. 

For p =2 two <^ curves exist. Our normal curve then is a 
doubly covered straight line since it exists in space of one 
dimension and the ratio of the <i^'s is a two valued function. 
No relation can exist between the <^'s. 
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For p = 3 one quartic relation exists among the <^'8 so that 
our normal curve is a plain quartic. For we know from 
the Riemann-Roch Theorem that the most general quartic 
relation among the <i^'s contains 4 (2 p — 2) -^p + ^ -h 1= 14 ar- 
bitrary constants which are just enough to give the most general 
quartic relation among the ^'s since if we write out a quartic 
relation it will contain fifteen terms and by a selection of the 
fourteen arbitrary constants the function is completely fixed. 

For j>=4 two relations of higher order exist, one of the second 
degree and one of the third degree. This may be proved as 
follows: We write out all the homogeneous functions of the 
second degree obtained by taking the squares of the different ^'s 
and their products taken two at a time. Divide each of these by 
some homogeneous function of the second degree in the ^'s. 
According to Riemann such functions Uke branched on a surface 
T can be expressed linearly in terms of 3 p — 2 of them which 

make 3p— 3 linearly independent ones. There are — ^ — 

different combinations of the ^'s mentioned above and these can 
be expressed in terms of 3 p — ^3 independent ones, so there 

must exist at least ^-^ (3/>-3) or 2^~ quadratic 

relations among the <i^s. Similarly there are " ^ - — 

combinations of the <^'s of the third degree. Divide each of 
these combinations by the same cubic relation among the <A's. 
of these quotients 5 (p — 1) are independent of each other.* 

There must exist then at least ^— ^ — g— ^ 5fp — Dcubic 

relations among them. But we know from the preceding that 

there are at least -^ — -^ — '— quadratic relations among the 

^'s. Cubic relations among the <^'s could consist of these quad- 
ratic relations multiplied by any one of p Knearly independent 
equations of the first degree among the <i^'s. To get the number 
of cubic relations which do not break up thus we shall have to 



* Jahresbericht der Deutachen Mathematiker Vereinigung, Vol. Ill, p. 
445. 51at,h. Ann. .VqI. XII, pp. 268-310. 
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subtract these ^-^ — ^- from the number ppeviously ar- 
rived at. There are therefore at least 

~p3 + 9p2 — 23p+15 



cubic relations among the <^^s independent of the quadratic re- 
lations. This result is in accordance with Weber for the case 
jp = 4,* and it does not contradict Noether's statement that 

there are ^^ — g— ^ 5 (p — 1 j since I say that there are 

at least -^ , my formula always givmg a 

smaller number than his. 

If p = 4 we select two functions belonging to the surface, 
pn^ of weight twelve, the other of weight eighteen, the former 
pf degree two, the latter of degree three in the <j^'s. Fpr the 
normal curve representing i^(x, i/) = o we have then a twiated 
sextic in space of three dimensions and defined by the intersec- 
tion of these surfaces of second and third degree respectively 
in the <j^'s. Conversely, any twisted sextic whicl^ is the iuter- 
aection of such surfaces is the normal curve pf some F (x, y) = a 
of deficiency foi;r. For at some point of the common intersec- 
tion pass a plane tangent to the quadratic surface. Jt ^ill cut 
the quadratic in two straight lines real or imaginary, a,nd the 
cubic surface in a plane cubic. The lines each meet the cubic 
twice beside the original point. Projecting the twisted se::(tic 
trom the original point on a plane we get ^ quintic with two 
double points which is a curve of deficiency 4 and hence the 
proposition is proved. 

If the qufidric surface is an ellipsoid, by prpjecting the twisted 
sextic from the highest point the quintic obt^^ned will have no 
infinite points. Its double points will be the projection of one 
real and one imaginary point of the sextic, and hence will look 
like an ordinary point on the curve. If the quadric be a, 
cpne one of the double points of the quintic may he real and if 
the surface be an hyperboloid or parp,boloid both dpuble points 
of the quintic may be real. If the quadric becon^e a cone, by 

* Math. Ann., Vol.. XIII, p. 4T. 
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projecting the twisted sextic from the vertex of the cone we get 
a conic three times repeated since each generator of the cone 
will cut the sextic in three points. This case is referred to 
later. 

Noether has published some work in Vol. 26 of the Mathe- 
matische Annalen in which he actually works out the rela- 
tions which may exist among the <^'s for the cases jp = 5, 6 and 
7. Kasbohrer has a dissertation on the case p = 8. 

If p = 5 our function of the second degree in the <l^^s contains 
fifteen homogeneous linear constants. According to the Rie- 
mann-Roch Theorem it should contain only 16 — 5 + 1 = 12 
When we fix these twelve there are left then three more, homo- 
geneous and linear. So we see the three linearly independent 
quadratic relations among the <^'«. The normal curve in this 
case is a twisted curve of eighth degree in space of four dimen- 
sions. Weber proves* that if we take any three homogeneous 
functions of degree two in the <^'s and eliminate two of the 
variables we shall get a curve of deficiency five, thus proving 
that any twisted curve of degree eight formed by the intersec- 
tion of three quadrics in space of four dimensions, represents a 
F {Xf y) = oi deficiency five. 

It is very easy to get some properties of curves of higher or- 
der out of the properties of the normal curves. To illustrate 
this take the case p =3 where the normal curve is, as we know, 
a quartic with no double points. We will prove that a curve 
of order n and deficiency three may be regarded as the envelope 
of sixty-three different quadratic sheaves of curves of order 
2 (n — 3.) Six in each set break up into two curves each of 
order n — 3 which pass through all of the double points of the 
curve of the nth degree and have their other intersection on a 
curve of degree 2 (n — 3). In particular a sextic of deficiency 
three possesses 28 tangent cubics which pass through the 
double points of the sextic and such that they can be arranged 
into sixty-three sets of twelve each, such that the points of in- 
tersection of corresponding cubics in each set shall lie on a 
curve of order six having the same double points as the origi- 
nal sextic. For if we transform a given curve of deficiency 
three and order n by means of a net of adjoint curves of order 
n — 3 we get a quartic of defiency three and to the adjoints 
correspond straight lines. We know that such a quartic has 

* Math. Ann,, Vol. XIII, p. 44. 
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twenty-eight bitangents which may be divided into sixty-three 
sets of twelve each such that the points of intersection of cor- 
responding pairs he on a conic. This quartic may be regarded 
as being the envelope of sixteen different quadratic sheaves of 
conies — each sheaf containing six conies which break up into 
two straight lines, forming a Steiner complex. Moreover all 
of these double points lie on the Jacobian of the net to which 
all of the sheaves belong, this Jacobian being of order six. The 
proposition then follows as the result of the correspondence be- 
the curve and the nth degree and the quartic. 

Another illustration is here taken from the case p = 4. We 
will prove that there are twenty-seven different pairs of points 
on a curve of degree n and deficiency four which can be taken 
in sets of three in forty-five different ways to lie on as many 
adjoint <^ functions of the original function. 

For in this case the normal curve is the twisted sextic-^the 
intersection of a quadric with a cubic surface. We know that 
through any straight line on a cubic surface can be passed 
five planes each of which cuts the surface in two or more hues, 
s o that each line is intersected by ten others — eight outside a 
plane containing three of them. 

Considering then three lines in a plane and the eight lines 
which cut each, we have twenty-seven lines in all. Each line 
intersects the quadric surface in two points thus giving two 
points of the normal curve. There are, therefore, fifty-four 
different points on the twisted sextic such that they lie by sixes 
in forty-five different planes since the twenty-seven lines lie 
by threes in forty-five different planes. Carried over by 
transformation to a curve of order n we get the proposition 
above. 

In the work hitherto, we have been considering the curves 
represented as perfectly general. We will now examine some 
special cases. In order to do this we take up some ^functions. 

In ^vvi» v„ V8,....vp) = 2e 

let ain? be a complete quadratic function of the n^s and n a com- 
plete linear function of the v^a of which there are p. We will 
now put for the a's the period moduli of the norn^ial integrals 

* Salmon's Greometry of Three Dimensions, p. 769. 
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along the cuts ai of a surface T defined hy Fn=o and of defi- 
ciency p. We will put for the v^s the normal integrals dimin- 
ished each by a constant e. We shall then have 



1 J. 



«h 



where the <p*s and c's are arbitrary points and <p's are variable. 

These integrals of the first kind exist in the original surface 
Ffi and therefore this ^ function is like branched with the sui^- 

foce. If it does not vanish identically we know from the prop- 
erties of ^ functions that it has p zeros on the surl^xje. If how- 
ever, this ^ function doe3 vanish identically one or m,ore of the^e 
zeros become arbitrary. 
Suppose that the e^B are so chosen that ^ is differeAt frpm zero. 

Then ^A= ^ I ^^-^H, 

i = l e 
i 

where x^ are zero points of the ft function and k,^ is independ-r 
pendent of ^e,^. If moreover, the «'s are so chosen that 

(Ci, 68, 6p )=o, 

then ft(vi, V2f....Vj,) =0, 

and for an arbitrary point and we put 



^A 



i = l £^ i = l £^ 



where the point systems x^ and x\ belong to an equation <l> = 
besides lying on the surface jP^ =.0. The quotient of the prp- 
duct 



2h\ du — 



'X 



e\Sh\ du,-e^\xe\Shl du^ + e^ 




and the product 






ei^hi du -. xtf i/» I *^%+/; 



A 



x 




h ' 'h 



\ 



Pengra^ — Confomud Representation of Plane Curves, 065 

may be put equal to — , ^i and 4^ each having like branches 

with the original function. — is a function of weight 2p — 2 

since it is zero in ^p — 2 variable points and oo in as many. 
The <^'s are then adjoint curves of the original function and are 
of order n — 3. 
Introducing the ^ functions with characteristics we know 

that there are 2^ ~^ ( 2^ —1 ) odd theta functions and 

2^- (2''4- 1) even theta functions. In general only the odd 

theta functions vanish for the zero values of the arguments,* 

If we assume now that e^^^-e^axid fj^^~ fj^ we get the 

zeros of our function before considered to fall together in pairs 

and there exist p — 1 points at which the ^'s are zero of order 

two. V^ is an Abelian function and there are 2^ (2^ ± 1) 

of these together, one for each different characteristic. In the 

case of 'the odd theta functions there are 2''~*(2'' — 1) ^ curves 
tangent to the original curve. 

Let us make the assumption that up to any number m our 
function 

iartn— 1 

P 






vanishes identically for all the points, xi.xt, ,.,... Xm-\ and 

does not vanish. 

According to Riemann's work before referred to, the condi- 
tion is that 

with all its derivatives up to and including the (m — Dst but 
not all the mth derivatives must vanish for the zero value of 
the arguments. 

*Ueber das Verschwinden der Theta Functionen, Biemann's Werke, 
p. 198. 
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The functions 



i=m — 1 




and 



will not vanish identically for the points Xi, €,. taken arbitrar- 
ily, and therefore each of them will vanish in p — 1 points beside 
€ and both tog:ether in 2p — 2 points on a function <^. Now 

among the zeros of the first functions are xu xz Xm-\ 

and let the rest be ?/m. i/m+i 1/p-i and let the zeros of the 

second one be ai. ^2, ^3, ... am-i, Pm, fim+i, fip-i. There 

exists then a function <l> with the zeros xi, xz Xm-i, ym, 

2/w+l, 2/f>-l, <*1, <*2, ttm-l. PmPm+h Pp-1. 

Moreover since the zeros must satisfy the congruences 



(^l» ^8> • • ••^p) — 






'P i — „_i — ^_^ 







C^.!?-?)= »= .,/"»+ S 



<=p— 1 




t—P 

AS I duh + 2 I 



(-p.-"2'-¥)=MS ^«'^ + S \ du^+k. 



Combining the last two by substraction we obtain 

p <=Tn— 1 ai »— m 

duh + S I ^W/i ^0 



AS I 

1 i-l ^ a 




aji <=p— 1 ^ yi 

It follows from AbeFs theorem that there exists a rational 
function 4> which is infinitely small of the first order at the 
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points o-i fii and infinitely great of the first order at the points 

Xi yt and otherwise continuous and different from zero. This 
function is expressible as the quotient of two functions <^. 
But since there is a function <^ which vanishes in all the 2p — 2 

points we have the two functions r <^=<^, and ^ =<^« the first 

infinitely small of the second order in the points 

i^i* a^8» ^z a?m— 1, ym+n yp—u 

the second infinitely small of the second order in the points. 

«i* ^«» «8» «m— 1, /?w, Pm+l, ^m+2, Pp—\* 

These functions are then squares of Abelian functions. Elimi- 
nating T we obtain V<^, <^a = <^ or <^i <^2 = <^^ 
If we choose the points Xi otherwise we obtain an arbitrary 

number of Abelian functions V<^i, V<^2, etc., which have the 
property that the square root of the product of two of them is 
again an Abelian function. Since m — 1 zeros are arbitrary 
we get m linearly independent <^'s of this sort. 

I wish now to examine some special cases which arise here 
in the vanishing of the ^ functions. For surfaces of deficiency 
0, 1 or 2 no such relations can exist. For the case p=3 there 
are three linearly independent <^'s. Ordinarily as we have seen 
no relation exists among them of lower degree than the fourth. 
The normal curve in the general case is a quartic which is 
fixed when we stipulate that it shall be a function belonging 
to the surface defined by the original equation, and fix its in- 
finities. 

If now an even ^ function belonging to the surface vanishes 
identically we get, as we have seen, the relation 

We may regard this as the formal curve and, for the sake of 
continuity, say that it is doubly covered, thus our quartic rela- 
tion degenerates into two identical equations of the second degree 
and the normal curve is a conic doubly covered. This equation 
may be put into the form 

thus showing up the tangent Unes if we regard the <^'s as co- 
ordinates. In the case then that an even function vanishes 
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identically the normal curve is such that it has an infinite 
number of tangent ^ curves. Any curve then of the same de- 
ficiency, in case the even theta function vanishes identically, 
has an infinite number of tangent <l> curves. In particular the 
sextic of deficiency 3 can be put into the form 

thus showing the sextic as the envelope of a quadratic sheaf 
of adjoint curves pf order three. Conversely if we get any sort 
of a quadratic relation among the <^'s in the case p=S an even 
theta function most vanish identically, for we can construct a 
system of such AbeUan functions by putting the conic in the form 
LiL.2 — LI =0 and Weber has proved* that if such a system can be 
constructed linearly and homogeneously from m independent 
Abelian functions then there can be found a characteristic w 
possessing the property that the function Iw'] together with 
all its derivatives up to and including those of order m — 1 must 
vanish identically. 

In case then that one quad^ratic relation exists among the 
<^s for p=3 the normal curve is a doubly covered conic and the 
case is hyperelliptic. 

For p=4 suppose that one even function vanishes identi- 
cally. We then get the relation 

For a general curve of deficiency four the normal curve is, as 
we know, a twisted sextic made by the intersection of a quad- 
ric surface with a cubic surface. Now with the vanishing of 
the functions the quadric surface becomes a cone and the 
representation is characterized by the fact that the tangent 
<^ curves to the original curve correspond to the planes 
tangent to the cone, and so to the points of tangency of <l> curves 
correspond three points on the generator of a cone. The nor- 
mal curve is a twisted sextic such that it has a GJ or a singly 
infinite system of points three in a set, such that each group of 
three lies in a straight line. 

Suppose another quadratic relation to exist among the <l> s. 
This means that the quadratic relation as . determined to 
represent the surface J?V» contains a variable parameter by 

* Weber in Vol. XIII, Math. Ann., pp. 34-38. 



